We present a novel and simple method of stabilizing the laser phase and frequency by polarization spectroscopy of an atomic vapor. In analogy to the Pound-Drever-Hall method, which uses a cavity as a memory of the laser phase, this method uses atomic coherence (dipole oscillations) as a phase memory of the transmitting laser field. A preliminary experiment using a distributed feedback laser diode and a rubidium vapor cell demonstrates a shot-noise-limited laser linewidth reduction (from 2 MHz to 20 kHz). This method would improve the performance of gas-cell-based optical atomic clocks and magnetometers and facilitate laser-cooling experiments using narrow transitions.
I. INTRODUCTION
The reduction of the laser linewidth has always been an essential and critical issue in atomic, molecular, and optical physics since the first realization of lasers in 1960. In laser-cooling experiments, for example, the laser linewidth should be narrower than the natural width of the cooling transition of atoms (ranging from kHz to MHz) for Doppler cooling to work [1] . The importance of narrow-linewidth lasers is more prominent in the field of optical atomic clocks, where an extremely narrow (∼mHz) optical transition of atoms [2] or single ions [3] is probed by a laser with a sub-Hertz linewidth [4, 5] .
The Pound-Drever-Hall (PDH) method, invented in the early 1980s [6] , has become the standard method for laser linewidth reduction. The key feature of the PDH method is its use of the cavity not only as a frequency reference but also as a time-averaged phase memory of the incident laser field, which leads to a fast response to the laser phase fluctuations on a time scale shorter than the cavity response time, enabling efficient laser linewidth reduction [6, 7] . We note that the Hänsch-Couillaud laser stabilization scheme [8] , in which the change of the reflected light polarization is monitored, also benefits the phase-storing property of the cavity.
In this paper, we propose an alternative method of laser phase and frequency stabilization, in which atomic coherence (dipole oscillations of atoms) is used as a phase memory of the laser field transmitting through an atomic vapor. This method has an apparent advantage of its immunity to mechanical noise from environment. Moreover, unlike cavities made of glass with heat expansion, the resonance frequency of atoms, to which the laser is locked, is independent of the temperature of the atomic vapor in a Doppler-free configuration. These features would drastically simplify the experiments which have relied on the PDH method using an ultralow heat expansion (ULE) cavity for laser linewidth reduction [4, 5, 9] . We preformed a preliminary experiment using a distributed * ytorii@phys.c.u-tokyo.ac.jp feedback (DFB) laser diode and a rubidium vapor cell, and observed a significant linewidth reduction (from 2 MHz to 20 kHz), proving the effectiveness of the method.
II. PRINCIPLE OF THE METHOD
To show the analogy between the PDH method and the proposed method, let us first review the principle of PDH phase and frequency stabilization in detail. Suppose a laser beam with frequency ω L is incident to a cavity with resonance frequency ω C and resonance width (FWHM) ∆ω C as in Fig. 1(a) . We write the complex amplitude of the incident field, measured at a point just outside the cavity, as E I = E 0 exp(iω L t). The reflected field E R is the sum of the promptly reflected field E P off the input mirror and the leakage field E L from the cavity. In the case of a high finesse cavity, E P ≈ E I (we assume there is no phase change upon reflection for simplicity) and the steady-state complex amplitude of the reflected field is then expressed as [8] where R 1 is the intensity reflectivity of the input mirror, R is the amplitude ratio between successive roundtrips in the cavity, and x = (ω L − ω C )/(∆ω C /2) is a normalized laser frequency detuning from the cavity resonance. In the following, we assume R < R 1 (undercoupled cavity) where the reflected light remains even at the center of the resonance as depicted in Fig. 1(b) .
Figure 1(c) shows the relation between E I , E R , and E L in the rotating complex plane where E I always lies on the positive side of the real axis. The reflected field E R , given by Eq. (1), traces out a circle clockwise as the laser frequency ω L increases, and the resultant phase shift of the reflected field (with respect to the incident field) shows a dispersive curve centered at the cavity resonance as depicted in Fig. 1(b) [7] . In the PDH method, this phase shift is converted to a dc electric signal by frequency modulation (FM) spectroscopy [10] , and used as a frequency discrimination signal.
If the phase of the incident laser makes a positive (negative) jump on a time scale shorter than the cavity response time τ C = 1/∆ω C , the field inside the cavity can not follow this phase jump and the leakage field relatively shifts clockwise (counterclockwise) in the rotating complex plane [ Fig. 1(c) shows a case of positive phase jump], resulting in an error signal with the same sign as a positive (negative) frequency shift. This phase-sensitive response at short times < τ C is the heart of the PDH laser phase stabilization.
The phase-sensitive response of the PDH frequency discriminator can be explained more formally by its transfer function G(ω M ) = G 0 /(1 + 2iω M /ω C ), where ω M is the frequency of the laser-frequency modulation and G 0 is the gain in the passband [11] . The characteristic single-poll roll-off (6 dB/octave) and 90
• phase lag above the cutoff frequency (∆ω C /2) ensure the prompt response of the discriminator to a sudden phase jump [12] . Now we consider the case where the role of the cavity is replaced by an atomic vapor. Suppose a laser beam with complex amplitude E I = E 0 exp(iω L t) is incident onto an atomic vapor cell of length l containing twolevel atoms with resonance frequency ω A and resonance width (FWHM) Γ. We assume here that the complex electric susceptibility of the atomic vapor has a textbook form of nonsaturated two-level atoms:
) is a normalized laser frequency detuning and χ ′′ max is the maximum of the imaginary part of χ. If the vapor cell is optically thin and the attenuation of the incident laser field is little, the transmitted field E T is, as depicted in Fig.1(d) , approximately given by the sum of the incident field E I , which travels as if there were no atoms in the cell, and the field E D produced by incident-field-induced dipole oscillations of atoms [13] . The steady-state complex amplitude of the transmitted field is then expressed as
where α = kχ ′′ max is the maximum absorption coefficient of the atomic vapor and k is the wave number of the incident laser field. One can find that the transmitted field E T has exactly the same form as the cavity reflection field E R given by Eq.(1) and the dipole field E D plays the same role as the cavity leakage field E L . This mathematical equivalence between the cavity and the thin atomic vapor, combined with the fact that the atomic dipole oscillations cannot follow a sudden phase change of the incident field for shorter times than the atomic coherence time τ A = 1/Γ, naturally leads us to a conclusion that laser phase and frequency stabilization using an optically thin atomic vapor would work.
The above conclusion can be extended to an atomic vapor cell whose optical density is ∼1. As long as we consider the time scale shorter than the atomic coherence time, each atomic dipole at a different part of the cell, after a sudden phase change of the incident field, still continues oscillating with the previous phase and contributes independently to the shift of the complex amplitude of the transmitted field, thus enabling a laser phase locking to the atomic dipole oscillations.
The phase shift of the transmitted field can be converted to an electric signal by FM spectroscopy as in the PDH method. Alternatively, the phase shift can be converted to a polarization rotation of the transmitted laser beam by polarization spectroscopy [14] . If the atoms are prepared such that only the σ + (σ − ) components of the linearly polarized incident laser beam interacts with the atoms and the σ − (σ + ) component just serves as a phase reference, the polarization rotation angle is given by ∆θ = φ/2, where φ is the phase shift of the σ + (σ − ) component of the transmitted laser beam. A balanced polarimeter can convert this polarization rotation to a photocurrent signal ∆I with a relation ∆I = 2I T ∆θ = I T φ, where I T is the photocurrent signal corresponding to the total transmitted beam power [15] . This phaseto-photocurrent conversion by polarization spectroscopy was utilized in the experiment described below.
The transfer function of a frequency discriminator based on polarization spectroscopy can be derived using Eq. (2) on the assumption that the intensity of the incident laser beam is well below the saturation intensity and the atomic vapor is optically thin. If we suppose that the instantaneous frequency of the incident laser beam has a time dependence of ω(t) = ω A + ∆ω 0 cos ω M t, where ∆ω 0 < Γ is the maximum frequency deviation and ω M is the modulation frequency, the resultant time dependence of the photocurrent signal at the balanced polarimeter is calculated to be
where
is a normalized modulation frequency (see Appendix for a detailed derivation). Equation (3) shows that the transfer function of the frequency discriminator is has exactly the same form as that for a PDH frequency discriminator if we replace Γ with ∆ω C , supporting the above conclusion that laser phase and frequency stabilization using atomic dipole oscillations would work.
We note that the conversion of a phase jump in the incident field into a shift of the complex amplitude of the transmitted field by an atomic vapor discussed above has the same origin as the phenomena known as frequency (FM) noise to amplitude (AM) noise conversion [16] , or FM noise to optical rotation (OR) noise conversion [17] ; the latter exactly corresponds to the case we have considered here. For gas-cell-based optical atomic clocks [18] or magnetometers [19] , FM-to-AM or FM-to-OR noise conversion is undesirable because it degrades the signal to noise ratio in the transmitted light and limits the ultimate performance of the device. On the other hand, for our method to work, FM-to-OR noise conversion is essential and inevitable.
III. EXPERIMENTAL SETUP
We performed a preliminary experiment to verify the validity of the proposed method. The experimental arrangement is shown in Fig. 2 . To emphasize the generality and simplicity of the method, we equipped the system with commercial electronic devices except a homemade low-bandwidth servo circuit. As a light source to be phase and frequency stabilized, we chose a DFB laser diode operating at 780 nm (Eagleyard EYP-DFB-0780-00080) with an intrinsic linewidth of about 2 MHz [20] . The DFB laser was installed in a commercial mount (Thorlabs TCLDM9) featuring a bias-T current modulation input with a bandwidth of 0.2 to 500 MHz, and driven by a low-noise laser diode current controller (Thorlabs LDC201ULN). Most of the power (∼20 mW) in the beam from the DFB laser was used for laser linewidth (a) measurement as described below, and a small portion (∼2 mW) of the beam was used for laser phase and frequency stabilization by polarization spectroscopy of the Rb D2 line (natural width Γ = 2π × 6 MHz) [21] .
The optical setup was basically the same as the previous works which demonstrated laser frequency stabilization using polarization spectroscopy [15, 22] . A circularly polarized pump beam and a linearly polarized probe beam, both of which had almost the same diameters (∼5 mm) and powers (∼1 mW), were sent to a Rb cell at room temperature in a Doppler-free configuration. The Rb vapor cell was 75 mm long and situated in a magnetic shield. A balanced polarimeter consisted of a balanced photo detector (Thorlabs PBD150A) and a polarizing beamsplitter (PBS). The bandwidth and the gain of the balanced photo detector were set to 50 MHz and 10 4 V/A (∼0.5 V/mW for 780 nm), respectively.
Figure 3(a) shows a polarization rotation (PR) spectrum when the laser frequency was scanned around the 5S 1/2 , F = 2 → 5P 3/2 , F ′ = 1, 2, 3 transitions of 85 Rb. A saturated-absorption (SA) spectrum was also taken just by rotating the half-wave plate in front of the balanced polarimeter such that all the power of the probe beam was detected by one of the balanced photo detector inputs. As has been reported in Ref. [21] , we observed a large dispersion signal in the PR spectrum at the crossover transition between the F = 2 → F ′ = 1 and the F = 2 → F ′ = 2 transitions. This is because the σ − component of the probe beam, as depicted in Fig.3(b) , predominantly interacts with the atoms in both of the two pump-probe configurations which contribute to the crossover transition. The F = 2 → F ′ = 1 and F = 2 → F ′ = 2 transitions were not resolved from the crossover transition in the PR and the SA spectra because the intensities of the pump and the probe beams were comparable with the saturation intensity (I s = 3.57 mW/cm 2 for the unresolved F = 2 → F ′ = 1, 2 transition) and the width of each transition was powerbroadened to ∼10 MHz [23] . If we assume that the observed maximum absorption of 18% in the SA spectrum [24] was solely due to the absorption of the σ − component of the probe beam, the maximum optical density of the Rb vapor for this component is OD max = 0.44. The maximum angle of the polarization rotation is then calculated from Eq.(2) to be ∆θ max = φ max /2 = OD max /8 = 0.055 rad, which is close to the observed value of 0.050 rad.
We performed laser phase and frequency stabilization of the DFB laser using a dispersion signal obtained by PR spectroscopy on the above-mentioned crossover transition of 85 Rb. Bias-T fast current feedback was implemented to suppress fast phase fluctuations of the DFB laser. The output signal from the balanced detector was split and fed to the bias-T current modulation input and the servo circuit which gently locked the laser frequency to the zero-crossing point of the dispersion signal through the external modulation input (bandwidth ∼100 Hz) of the current controller.
The linewidth of the phase and frequency stabilized laser was measured by a delayed self-homodyne (DSH) technique [25] . As depicted in Fig. 2 , the laser beam was split into two beams by a 50:50 beamsplitter and one beam (the signal) was multiply sent to an acousto-optic modulator (AOM) driven at 60 MHz and a 300-m singlemode fiber to increase the delay time, and combined with the other beam (the local oscillator) as demonstrated in Ref. [26] . The beat signal was detected by a fast photo diode (Thorlabs DET210) with a response time of 1 ns and fed to a spectrum analyzer. The maximum delay time was limited by the attenuation of the signal beam power in the roundtrips. We could observe the beat signal of up to 300 MHz (five round-trips), corresponding to a delay time of τ d = 7.2 µs. The experimental data presented below were all taken with this delay time. 
IV. RESULTS AND DISCUSSION
The results of DSH measurements are shown in Fig. 4  (a) . We observed a significant linewidth reduction by the bias-T current feedback. The suppression of the wings of the beat spectrum observed up to ∼10 MHz, which is far beyond the cutoff frequency of the discriminator (Γ/2 = 2π × 3 MHz), indicates the expected fast response of the discriminator to the laser phase fluctuations above the cutoff frequency. Figure 4(b) shows a detailed scan of the central part of the beat spectrum when the bias-T feedback was on. The ripples in the wings of the spectrum, the spacing of which (140 kHz) is given by the inverse of the fiber delay time, is a characteristic behavior observed only when the coherence time of the laser is comparable to or longer than the delay time [27] , suggesting that the laser linewidth was narrowed below 1/(2πτ d ) = 22 kHz. To be more quantitative, we compared the wings of the spectrum with calcu-lations according to Ref. [27] on the assumption that the laser had a Lorentzian lineshape. The observed ripples in the spectrum fit well a calculation with a laser linewidth (FWHM) of 20 kHz [ Fig. 4(b) ].
The fundamental limit of any laser frequency discriminator is set by the photoelectron shot noise. For laser frequency ν L and detected laser power P 0 , the photon number fluctuation due to the shot noise at the detector for measurement time τ is P 0 τ /hν L , and the limit of frequency discrimination using atoms is easily calculated as
where dθ/dν L = OD max /2∆ν is the slope of the dispersive curve of polarization rotation at resonance, OD max is the maximum optical density, and ∆ν is the homogeneous linewidth (FWHM) of the atoms. Substituting the experimental values (dθ/dν L = 5 × 10 −3 rad/MHz, P 0 = 1 mW, hν L = 2.5 × 10 −19 J, and 1/τ = 2π × 50 MHz) into Eq. (4) gives ∆ν SN ∼30 kHz, suggesting that the observed linewidth of 20 kHz was nearly shot noise limited.
Equation (4) tells us that using a narrower optical transition would result in a narrower shot-noise-limited linewidth as long as the optical density of the atomic vapor is ∼1. Taking the 5 1 S 0 → 5 3 P 1 intercombination transition of Sr at 689 nm with a natural width of 7.1 kHz, for example, a heat pipe oven operated around 400
• C was proven to provide an optical density of ∼0.1 without optical window degradation [28] . With the experimental parameters in Ref. [28] (OD max = 0.16, ∆ν = 130 kHz, and P 0 = 50 µW) and a photodetector bandwidth of 1 MHz, the shot-noise-limited linewidth is calculated to be ∼200 Hz. We note that FM spectroscopy is, in general, preferable to polarization spectroscopy to achieve a shot-noise-limited linewidth because the latter suffers from 1/f (flicker) noise in the detector and polarization fluctuation caused by probe laser absorption [29] . We are now planning to reduce the linewidth of a 689-nm laser diode below 1 kHz by FM spectroscopy with a heat pipe oven to perform laser cooling of Sr atoms using this narrow transition.
V. CONCLUSION
We have proposed and demonstrated a novel laser phase and frequency stabilization method which uses atomic coherence and thereby is immune to environmental mechanical noise and thermal drift. A preliminary experiment using Doppler-free polarization spectroscopy of a Rb vapor demonstrated a shot-noise-limited linewidth reduction of a DFB laser. The laser phase and frequency stabilization demonstrated here can be viewed as the suppression of laser frequency (FM) noise to amplitude (AM) noise conversion, or FM noise to optical rotation (OR) noise conversion in a resonant medium. Our method is readily applicable to improve the performance of gas-cell-based optical atomic clocks or magnetometers, which have been suffering from this type of laser-induced noise. Our method would also facilitate laser-cooling experiments requiring narrow linewidth lasers with little thermal drift.
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Appendix: Derivation of the transfer function for a polarization-spectroscopy-based frequency discriminator
Suppose a laser beam with complex amplitude E I = E 0 exp(iω L t) is incident onto an atomic vapor cell of length l containing two-level atoms with resonance frequency ω A and resonance width (FWHM) Γ. On the assumption that the intensity of the incident laser beam is well below the saturation intensity and the atomic vapor is optically thin, the steady-state complex amplitude of the transmitted field is expressed as
) is a normalized laser frequency detuning and α is the absorption coefficient of the atomic vapor on resonance. To derive the transfer function of a frequency discriminator based on polarization spectroscopy, we first calculate the transmitted field E T when the incident field E I is frequency modulated at ω M . We suppose here that the (carrier) frequency of the incident laser is tuned to the atomic resonance at ω A . In general, a frequency-modulated laser can be thought of as a phase-modulated laser. The frequency-modulated incident laser field can be expressed as
where β is the maximum phase shift called the modulation index. We define the instantaneous frequency to be the time derivative of the phase of the field, which is in our case
where ∆ω 0 = βω M is the maximum frequency shift called the frequency modulation deviation. Note that the phase modulation with a time dependence of β sin ω M t is equivalent to the frequency modulation with a time dependence of βω M cos ω M t. In the following, we assume β ≪ 1 (narrowband frequency modulation). The frequency-modulated incident laser field can then be decomposed into the three fields oscillating at ω A (carrier) and ω A ± ω M (sidebands):
(A.4)
Using Eq. (A.1) and the principle of superposition, the transmitted field E T is calculated to be
is a normalized modulation frequency. The complex transmittance is then given by
where we neglect the terms proportional to β 2 and rewrite βx M = βω M /(Γ/2) with the frequency modulation deviation ∆ω 0 = βω M to elucidate the characteristics of the frequency discriminator. In polarization spectroscopy using a balanced polarimeter, the phase shift difference ∆φ between the σ + and σ − components of the transmitted field is converted to a photocurrent signal ∆I with a relation ∆I = 2I T ∆θ = I T ∆φ, where I T is the photocurrent signal corresponding to the total transmitted beam power and ∆θ = ∆φ/2 is the rotation angle of the polarization axis. If the frequency modulation deviation ∆ω 0 is much smaller than the atomic natural width Γ (namely, if the phase shift difference ∆φ is much less than 1 radian), the photocurrent signal can be approximately expressed as
where ∆I max = I T αl∆ω 0 /(1 − αl/2)Γ is the maximum photocurrent signal amplitude obtained in the limit of x M → 0. If we regard the frequency modulation of ∆ω 0 cos ω M t as an input and the resultant photocurrent signal ∆I as an output, the transfer function of this frequency discriminator is given by 8) where G 0 = I T αl/(1 − αl/2)Γ. This transfer function has the same form as that for a RC low-pass filter (a first-order Butterworth filter), which is characterized by a single-poll (6 dB/octave) roll-off and a 90 • phase lag above the cutoff frequency (see Fig. 5 ). Note that the 3-dB cutoff frequency of a discriminator based on polarization spectroscopy is Γ/2 rather than Γ. The transfer function of a PDH frequency discriminator has also the same form as that for a RC low-pass filter whose 3-dB cutoff frequency is ∆ω C /2 (the HWHM width of the cavity resonance).
The prompt response of a polarization-spectroscopybased (or PDH) frequency discriminator to a sudden phase jump in the incident laser field can be intuitively explained using the analogy of a RC low-pass filter composed of a resistance R and a capacitance C in series (Fig.  6) . A phase jump ∆ϕ occuring in a short time ∆t ≪ 1/Γ can be expressed as a rectangle-shaped time variation of the instantaneous frequency with height (frequency deviation) ∆ω = ∆ϕ/∆t and duration ∆t. If we input a rectangular voltage pulse with height V 0 = ∆ω and duration ∆t to a RC low-pass filter whose cutoff frequency is 1/RC = Γ/2, the resultant output is a linear voltage rise (charging of the capacitor) up to V 0 ∆t/RC = ∆ϕΓ/2 during ∆t, followed by an exponential decay with a time constant of τ = RC = 2/Γ. Recalling that the transfer function of this RC low-pass filter is exactly the same as Eq.(A.8) except for the gain G 0 in the passband, we can realize that the response of the discriminator to a sudden phase jump is a prompt rise of the photocurrent signal up to ∆I = G 0 ∆ϕΓ/2, which is proportional to the phase jump ∆ϕ. This prompt response of the discriminator to a phase jump allows us to detect laser phase fluctuations beyond its cutoff frequency and effectively reduce the laser linewidth.
